Waveguiding in liquid crystals can be achieved by controlling the molecular orientation by means of external fields or by shaping the geometry of the substrates that contain the liquid crystal material. The creation of these waveguides in liquid crystals can also be achieved by using the optical nonlinear properties of the material. For a sufficient optical power (in the order of a few mW), the beam can induce its own optical waveguide. This is a selfinduced waveguide and the resulting beam is referred to as a soliton beam. In the last few years, the properties of these soliton beams have been studied thoroughly, revealing some interesting phenomena. In this article, simulations are reported on two common configurations in which solitons have been generated experimentally. The soliton beam, for certain configurations, displays an undulative behavior inside the cell, which may be used for large angle steering of the optical beam.
INTRODUCTION
Optical beams with finite size always diffract when propagating in free space or uniform media. Depending on the ratio between beam size and wavelength, the diffraction will occur over small or large propagation distances. By making the material nonuniform in terms of refractive index, it is possible to create optical waveguides. These waveguides guide the light along a certain path and prevent the beam from spreading. Usually the light is guided in a region with higher refractive index with respect to the surroundings. When the waveguide is single-mode, only one mode is possible and this mode propagates along the waveguide without changes in amplitude profile.
Nematic liquid crystals are very interesting materials because an optical beam will see a different refractive index depending on the orientation of the molecules with respect to the polarization of the beam. The director is a vector that indicates the local average orientation of the molecules. When the beam is linearly polarized parallel to the director, the refractive index, 'seen' by the light is the extraordinary refractive index n . When the polarization is perpendicular to the director the light 'sees' the ordinary index of refraction n ⊥ . In this view, it is plausible that, by controlling the orientation of the director, these liquid crystals (LCs) can be used to create waveguides. These waveguides can be created by controlling the local surface orientation of the molecules, 1 but even more important by applying a voltage over the liquid crystal layer by using appropriate electrodes, [2] [3] [4] i.e. by using the electro-optical properties of the liquid crystal. In this way, the refractive index of the waveguide can be changed and hence the properties of the waveguide, which can be exploited for switching the optical signal or for wavelength tuning of the optical signal.
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Another way to create waveguides in liquid crystals is to make use of their optical nonlinearity. 6 When a material exhibits an optical nonlinearity, such that the refractive index increases with increasing optical field, this leads to self-focusing of the beam. This means that a self-induced waveguide is created in the material. When the self-focusing balances exactly the natural diffraction of the beam, a spatial optical soliton is formed.
The first experiments on nonlinear lateral light propagation in LC cells (i.e. propagation of light parallel to the glass plates) were on the self-focusing of a laser beam. For a soliton, self-focusing is needed, but self-focusing alone not necessarily gives rise to a spatial soliton. The start of the research were the preliminary experiments of Braun et al. in 1993 . 8 The authors used a very thick planar cell filled with nematic LC and quite a large beam width (compared to the one used in this work). They observed a shortening of the focal length of a laser beam with increasing optical power. After that, Warenghem et al. 9 reported in 1998 on a self-waveguiding structure in dye doped nematic liquid crystals in a smaller capillary where light was injected with an optical fiber. Thermal effects played a major role because the dye absorbed the laser light and consequently gave rise to a temperature increase. After this work several authors reported on spatial solitons in nematic LCs, where the origin of the nonlinearity was much more clear and where the soliton behavior was clearly visible.
Karpierz et al. 10 were the first to report on self-focusing in a liquid crystalline waveguide with a reorientational nonlinearity. The planar cell was filled with homeotropically aligned nematic LC and the soliton was formed by an interplay between the TM and the TE mode of the waveguide. Also they reported on solitons in twisted nematic cells. 11 In 2000 the group of Assanto reported on spatial solitons in a bulk geometry with a reorientational nonlinearity.
12 After that, they reported on a number of interesting phenomena such as the interaction of solitons and all-optical switching 13 and the modulation instability.
14 Our group mainly focused on the conditions for which these solitons appear, 15, 16 the measurement of the nonlocality of the nonlinearity, 17 the time-dependence 18 and the principle of steering the soliton beam with strip electrodes.
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This article is structured as follows: Section 2 is dedicated to the nonlinearity that is used in most cases for the generation of spatial solitons in nematic liquid crystals. This briefly discusses the governing equations and shows some simulation results for different configurations. Section 3 describes the influence of the optical reorientational nonlinearity on the optical beam propagation. It describes the self-focusing of the optical beam and also the effect of the double refraction on the direction of the beam propagation. In Section 4 conclusions are formulated. In Appendix A, calculations are presented related to the transmission and reflection of plane waves at isotopic-anisotropic interfaces.
REORIENTATIONAL NONLINEARITY

Numerical model
Similar to the reorientation of the director by a static electric field, it is also possible to reorient the director by an optical electric field. The same formulas for the static situation are valid. The optical energy per unit volume 6 can be written as:
Since the director orientation is only present in the second term, only this term should be taken into account. Due to optical energy contribution, a torque acts on the molecules and it has the following value:
This optical torque tries to align the director parallel to the optical electric field. For an angle of 0 • and 90
• this torque is zero, while the torque is maximal for an angle of 45
• . In return, the refractive index, seen by the light with this polarization increases, which results in a self-focusing effect. Due to the elastic forces between the molecules, the reorientation will not be a local effect. A certain reorientation on one place will result in reorientation of the neigbour molecules. Figure 1 shows the configuration used in the simulations and the experiments. An optical beam in the near-infrared is launched into a LC layer, sandwiched between two glassplates. The thickness of the LC layer is typically a few µm to a few tens of µm. Two configurations have been extensively studied (see Fig. 2 ). The first configuration is where the director lies in the xz plane. The director orientation in absence of applied voltage is planar, due to a rubbing along the z direction. The director is uniformly oriented along the z axis, but there is a small pretilt of a few degrees
• . When applying a voltage, the director in the middle of the layer reorients more than near the interfaces. When also an optical beam is present with a linear polarization along the x axis, the tilt increases even more in the middle of the cell. By using the Frank-Oseen theory 19 the director orientation θ(x, y) in the plane z = 0 can be described by the following equation:
In this equation, the static electric field is denoted with E s , while the optical electric field is denoted as E. Another configuration suitable for soliton generation is the one where the director lies in the yz plane. No voltage is applied over the cell and when the polarization of the light is linear and along the y axis, the governing equation in this case can be written as (when taking K 1 = K 3 for simplicity): For the case where the angle ϕ in the field-free state is around 45
• , solitons can be easily generated because the torque on the molecules is maximal then. Figure 3 shows the calculation of θ and ϕ for respectively the first and the second configuration.
From figure 3 it is clear that indeed due to the light, the director reorients due to the influence of the light beam. The induced profile however is much larger than the beam profile. This means that the effect is highly nonlocal. 15, 17, 21 The width of the induced waveguide has been measured experimentally for a number of configurations and the profile matches very well with the results obtained with the director model.
17, 18, 22
Full calculation of the director orientation
In all simulations reported on the director orientation in planar cells with uniform electrodes on top and bottom glass plates, 15, 17 it is assumed that the director orientation always reorients in-plane. At first sight, this is plausible since both the static and the optical electric field components lie in the same plane. In the first configuration however, due to the non-uniformity of the dielectric tensor, the static electric field gets a component out of the xz plane.
Consider the simplified case when a material with dielectric constant ε 1 is sandwiched between two uniform electrodes. In the middle is a cylindrical material with a higher dielectric constant ε 2 (see Fig. 4 ). The region with higher dielectric constant attracts the field lines and thus the static electric field will have a non-zero y component. (Note that the straight field lines in the figure are only valid when the radius of the cylinder is small compared to the thickness of the layer.)
To calculate the full director orientation, with both θ and ϕ nonzero, the equations 3 and 4 cannot be used. Therefore, an other simulation model was implemented, based on the principles of Q-tensor modeling of the liquid crystal orientation. 23 The calculated twist angle ϕ for the same parameters as Fig. 3 is shown in Fig. 5 . As was expected, the twist value in the upper left part of the cell and the lower right part is negative, while in the other places it is positive. In the middle of the cell, where the light is situated, the wist is zero due to symmetry. The maximum value of the twist is about 0.03
• , which is negligible. For higher voltages than 1.0 V however, we can expect that the maximum twist angle will increase. Since at the center of the cell, where the light intensity is maximal, the twist angle is zero, we can expect that the effect of the out-of-plane twisting of the director is neglibible.
OPTICAL BEAM PROPAGATION
In nearly all of the theoretical and numerical results published on soliton propagation in liquid crystals, the model to describe the optical beam propagation is approximated. In most cases the anisotropy is neglected and an isotropic model is used. 12, 15, 24 In these models, the refractive index is approximated by the square root of the optical dielectric tensor along the polarization direction. The polarization and propagation direction are assumed to lie in the plane of the director. In the first configuration the refractive index used is: 25 , the authors incorporated the anisotropy, by including an additional phase term, but this is not fully correct. In this section, we will present a model that incorporates the specific type of anisotropy correctly. The method is derived from a model that was used in Ref. 26 . The method is implemented for this combination of light polarization and director orientation, but the method can be easily extended to incorporate general anisotropy and polarization.
Numerical model
To derive the numerical model one should start from Maxwell's equations. In these equations, the optical dielectric tensor elements ε yx , ε xy , ε yz and ε zy are zero. Also, we are only interested in the TM components of the electromagnetic fields (E x , H y , E z ). This means that we have to split off the TE components (H x , E y , H z ). The two rotor equations of Maxwell together represent 6 equations. We start from two equations:
By using the other Maxwell's equations, these two equations can be transformed into (after neglecting the TE components): These two equations can be written in matrix form:
In this equation theÂ ij symbols represent differential operators. To calculate the beam propagation the last equation should be discretized along the z direction:
One way to calculate the propagation along the z axis is by using an Alternating Direction Implicit (ADI) method. 27 In this method, the matrix containing theÂ ij operators are split in a suitable way so that the x and the y derivatives are separated. In this way, the fields for step n + 1 can be calculated from the fields in the previous n.
First configuration
In Fig. 6 the propagation is shown for a Gaussian beam (with a waist 3 µm) launched into a cell with 2
• director pretilt for an applied voltage of 1 V. The figures show the amplitude distribution in planes perpendicular to the z axis. The upper row shows the propagation for no nonlinearity, i.e. for low optical power. Because there is no nonlinearity and thus no induced waveguide, the beam diffracts. For an optical power of 3.5 mW, an induced waveguide is created and the beam propagates with a nearly unvarying beam profile as is shown in the bottom figures of Fig. 6 . From these figures it can be seen that the position of the beam along the thickness of the cell changes. The beam however is launched parallel to the z axis. The reason for the variation of the position along the thickness is the double refraction. Nematic liquid crystals are a uniaxial anisotropic material and in Appendix A, the reflection and transmission of plane waves is considered at an isotropic-anisotropic interface for different incident angles. Due to the anisotropy, the wave vector and the Poynting vector are not necessarily parallel anymore. Because of this, a beam, propagating perpendicularly to the interface, will deflect in the material. When the director makes an angle of about 45
• with respect to the polarization of the incident beam along the z axis, the deflection angle is maximal and for E7 this is about 7
• .
16 Fig. 7 shows the evolution of the beam for the same parameters as Fig. 6 , but seen from y direction.
For the low power situation (no nonlinearity), the beam shows an overall decrease of amplitude (due to the spreading along the y direction). For a higher power (3.52 mW) the beam propagates with a nearly unchanging width and amplitude but the position of the beam varies apparently sinusoidally. The simulations show that for low voltages the beam indeed undulates quasi-sinusoidally, but for higher voltages (larger than 1.8 V) the undulation deviates from this sinusoidal form. The theory of graded-index optical fibers 28 states that for a parabolic index profile, the undulation is purely sinusoidal. For low voltages the index profile is nearly parabolic while for higher voltages the index profile converges to a step-like index profile in the x direction, 29 which explains the observed effects. This undulation has been experimentally verified.
25, 30
This undulative behavior can be used for large angle beam steering of optical signals. The undulation period can be changed by changing the applied voltage. By tuning the undulation period, the angle at which the beam reaches the end of the cell can be changed from -7
• to +7
• (assumed that the propagation length can be large enough). The resulting angle in free space is then between 0
• and 21
• as can be seen from Fig. 10 .
Second configuration
In Fig. 8 , the beam propagation is shown for the same parameters as Fig. 3 . For the low power situation (left figure) the beam is diffracting as expected, but the propagation direction is changed due to the effect of the double refraction. The angle of the deviation is close to the maximal deviation angle of about 7
• . For higher optical power (right figure) the beam propagates soliton-like but again the direction deviates from the z direction. Note that for this soliton generation no voltage is applied over the cell. Also in this configuration soliton propagation has been demonstrated experimentally. 
CONCLUSIONS
Simulation methods and results have been presented for certain configurations in which spatial optical solitons have been generated experimentally in planar nematic liquid crystal cells. One part of the simulation consists of the modeling of the director orientation. The second part is the calculation of the optical propagation. The results of these simulations are in excellent agreement with previously reported experimental results.
APPENDIX A. TRANSMISSION AND REFLECTION AT ISOTROPIC-ANISOTROPIC INTERFACES
In this appendix, the transmission and reflection of a plane wave at an isotropic-anisotropic interface is studied. The configuration that is considered in this appendix is shown in Fig. 9 . The isotropic material is vacuum and the anisotropic material is uniaxial with the long axis in the xz plane and making an angle θ with the z axis. The electric field of the three beams can be represented by the following equations:
And the corresponding wave vectors:k
In these equationsĒ in andĒ r are necessarily perpendicular to the corresponding wave vector. ForĒ tr this is not the case since the material is anisotropic. The angle β is not a priori known, so the value of k tr is not known nor the direction of the electric field. To calculate the value of k tr in function of β, we substitute plane wave solutions into the Maxwell's equations and we get the following equation:k × k ×Ē + k 2 0ε .Ē = 0. This equation has only non-zero solutions when the determinant is zero, or in our case:
This results in the following expression:
For the calculation of the angle β and the values of the transmitted and reflected fields, also the magnetic field are required and can be calculated asH = (j/ 
From these equations, the angle β can be calculated in function of α, which gives:
The resulting equation is actually not surprising because it is nothing more than Snell's law, but now extended for our anisotropic situation. Indeed on the RHS the refractive index of the beam in the anisotropic medium appears as in equation (14). However determining the angle β from α is not straightforward anymore, because the refractive index in the anisotropic medium is dependent on the angle β.
Now that the angle β is known, with equations (15a) and (15b) the value of the transmitted fields can be calculated and for the electric field one can find (and analogue for the z component): 
Finally it is possible with these formulas to calculate the direction of energy flow from the Poynting vector, because in general for an anisotropic material it deviates from the direction of the wave vector. The angle δ is the angle that the direction of energy flow makes with the z axis and is defined by (assuming the same positive convention as for α and β):
With equations (16) and (18) the angles β and δ can be calculated in function of α. The resulting curves are plotted in Fig. 10 for two different tilt angles. Beta for theta = 0°Beta for theta = 45°D elta for theta = 0°Delta for theta = 45°F igure 10. The relation between α and β for different tilt angles.
